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Abstract
Quad rotor is a renowned under-actuated unmanned aerial vehicle (UAV) with widespread military and
civilian applications. Despite its simple structure, the vehicle suffers from inherent instability. Therefore,
control designers always face a formidable challenge in their stabilization and control goal. In this paper, the
fuzzy membership functions of the quad rotor fuzzy controllers are optimized using nature-inspired
algorithms such as particle swarm optimization (PSO) and genetic algorithm (GA). Finally, the results of the
proposed methods are compared, and a trajectory is defined to verify the effectiveness of the designed fuzzy
controllers based on the algorithm with better results.
Keywords: Fuzzy Controller, GA, Membership Functions, PSO, Quad Rotor.
1. Introduction
Quad rotor is a kind of unmanned aerial vehicle
(UAV) with 4 rotors in a cross-configuration that
has been widely employed in civil and military
applications including traffic surveillance,
inspections, monitoring, aerial photography,
search, and rescue in hazardous environments that
are inaccessible for human involvement.
Compared to other UAVs, they have a simple
structure, low cost, easy maintenance, vertical
take-off and landing capability, and rapid
maneuvering. Quad rotors are under-actuated
systems. They possess some advantages over
single-blade helicopters in that they can be
controlled by changing the rotor speed and have a
simpler design and an easier control due to their
fixed pitch blades. Quad rotors are inherently
unstable based on several reasons elaborated as
follow. First, their dynamic model features
include non-linearity, high coupling, being underactuated and static instability. Secondly, quad
rotors are affected by body gravity, air resistance,
propeller driving force, gyro impacts, and so on.
Therefore, basically there is uncertainty in the
dynamic model, which accentuates the need for a
proper controller. Several controlling methods
have been proposed including intelligent PID
algorithm [1], LQR [2], loop forming
method,

sliding mode variable structure control algorithm
[3],
adaptive
controller
[4],
feed-back
linearization algorithm, back-stepping algorithm
[5], hybrid control algorithm and so on [6]. In the
following literature, some recent methods have
concisely been presented. In [7], a passivity-based
adaptive back stepping controller has been
proposed to control a type of quad rotor.
Reference [8] adopts a robust control for
automatic tracking, taking-off, and landing. In [9],
a feedback linearization method has been
introduced based on the piecewise bilinear model.
In [10], the performance of the quad rotor in the
presence of wind disturbances has been assessed
when back-stepping and feedback linearization
controllers are applied on the quad rotor.
Literature [11] has introduced the design of a
neural adaptive controller using an extreme
learning machine (ELM) to control the Euler
angles of a quad rotor. A PD fuzzy control has
been proposed in [12] to control the attitude. In
[13], the controlling goal is to design an
intelligent fuzzy controller in an effort to optimize
the controller input. An adaptive fuzzy control
strategy has been proposed in [14] to solve the
problem of trajectory tracking for quad rotors in
the presence of model parameter uncertainties and
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external disturbances. In order to reach the desired
attitude and height, a linear active disturbance
rejection control (LADRC) approach is utilized
for the quad rotor control. LADRC has the
capacity to estimate and compensate for the
generalized disturbance, and reduce the system to
a unit gain double integrator, which can be easily
implemented and is robust to environmental
disturbances [15]. In [16], a new non-linear
controller has been proposed using a backstepping-like feedback linearization method to
control and stabilize the quad rotor. A novel
asymptotic tracking controller has been proposed
in [17] for a quad rotor using the robust integral of
the signum of the error (RISE) method and the
immersion and invariance (I & I)-based adaptive
control methodology. In [18], the designers have
endeavored to gain the stability and tracking
control problem of a quad rotor in the presence of
modeling error and disturbance uncertainties
associated with aerodynamic and gyroscopic
effects, payload mass, and other external
forces/torques induced from an uncertain flying
environment. A PD sliding surface in the sliding
mode control has been considered in [19] for a
vertical take-off and landing aircraft. A control
scheme based on back-stepping control and its
combination with fuzzy system has been
introduced in [20] to decrease the chattering
phenomenon. A control algorithm for a finite-time
tracking of a quad rotor has been introduced in
[21]; it is based upon the use of feed-back
linearization method and finite-time output
control. The proposed multi-Lyapunov functionbased switching control algorithm in [22] is
employed to achieve tracking of Cartesian space
motion and the heading angle of a quad rotor.

section 2. Section 3 concerns a concise
introduction of PSO and GA. Finally, the
simulation results derived from the proposed
algorithms are compared and a trajectory is
defined to illustrate the superiority of the best
designed fuzzy controller over the not optimized
fuzzy controller in section 5.
1.1. Quad rotor configuration
According to figure 1, the front and rear rotors
rotate clockwise, while the right and left rotors
rotate counter-clockwise. Increasing (decreasing)
the speed of all rotors with the same amount
generates the vertical motion or thrust. A roll
motion can be obtained by increasing (decreasing)
the left rotor speed, while decreasing (increasing)
the speed of the right rotor. Similarly, a pitch
motion is controlled by an increase (a decrease) in
the speed of the rear rotor while decreasing
(increasing) the front rotor speed. The yaw angle
is achieved by increasing the clockwise pair
speeds and decreasing the counter-clockwise pair
speeds, simultaneously.

Figure 1. Quad rotor dynamics [23].

2. Model dynamics of quad rotor vehicle
2.1. Reference frames
In order to obtain the quad rotor model, we need
to introduce three frames, as follow:

In this paper, a fuzzy controller due to its
capability to handle non-linear systems and model
uncertainties is proposed to control both the
transitional and angular movements of a quad
rotor. Choosing a proper fuzzy membership
functions is a time-consuming task, especially
when there are a number of fuzzy controllers in
the system simultaneously. The main contribution
of this paper is to overcome this problem by
means of parametrically defining fuzzy
membership functions and tuning them based on
the minimization of a specific objection function.
GA and PSO are selected as the optimizing
methods owing to their capability in locating
global minima. This paper is organized as follows.
Section 1 deals with a brief discussion of the quad
rotor configuration and dynamic model. Next, the
quad rotor fuzzy controller design is discussed in

The inertial frame, F i  ( xi , yi , zi ) , is an earthfixed coordinate system with the origin located on
the ground, for example, at the base station. By
convention, the x-axis points towards the north,
the y-axis points towards the east, and the z-axis
points towards the center of the earth.
The body frame, F b  ( xb , yb , zb ) , with its origin
located at the center of gravity (COG) of the quad
rotor, and its axes aligned with the quad rotor
structure such that the x-axis xb is along the arm
with front motor, the y-axis yb is along the arm
with right motor, and the z-axis zb  xb  yb ,
where „  ‟ denotes the cross-product.
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The vehicle frame, F v  ( xv , yv , zv ) , is the inertial
frame with the origin located at the COG of the
quad rotor. The vehicle frame has two variations,
F  and F  . F  is the vehicle frame, F v , rotated
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Figure 2. Inertial, body and vehicle frames [23].
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The quad rotor equations of motion can be
described by (1) and (7).

T

where,  R  is the rotational matrix mapping
the F b frame to the F v frame and is defined as:

2.3. Quad rotor dynamics
Before getting into the quad rotor dynamic model
based on the Newton- Euler formalism, we need
to make some assumptions as:
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position and ΩTF  [ ,  , ] as the orientation
within a given frame, then the correlation between
the quad rotor speeds in the three pre-defined
frames can be stated as [23]:
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2.2. Quad rotor kinematics
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 Quad rotor is a solid body.
  It has a symmetrical frame.
 Its center of gravity is the center of the
rigid body.
The moment of inertia is calculated by supposing
the quad rotor as a central sphere of radius and
mass M o encircled by four point masses
representing the motors. Each motor is assumed to
have a mass
and joined to the central sphere

where, „S‟ stands for „Sin‟ and „C‟ stands for
„Cos‟, for simplicity. The relation between the
angular speeds in the body and the vehicle frames
can be obtained using the rotational matrixes, as
follows:
3
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through an arm of length l . As mentioned earlier,
a quad rotor is symmetric about its three axes,
and, consequently the inertial matrix is
symmetric:

 jx
J 0

 0

Total thrust: the total thrust of the quad rotor is
the sum of each propeller thrust:
  T  Tf  Tr  Tb  Tl (13)

0

0

Roll torque: this torque can be generated when the
thrust of the left rotor increases, while the right
thrust decreases:

0  (9)

jz 

jy
0

 T  l (Tl  Tr )  (14)

Dynamic of the quad rotor in the presence of
external forces applied on its center of gravity in
the body frame can be derived based on the
Newton- Euler formalism, as follows:
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Pitch torque: this torque is produced by increasing
the front rotor thrust and decreasing the rear rotor
thrust at the same time:


 (10)


  T  l (Tf  Tb ) (15)

Yaw torque: this torque, which causes the quad
rotor to revolve around its z axis, stems from the
clockwise rotation of the front and rear rotors in
conjunction with the counter-clockwise of the
right and left rotors. In other words, it is the sum
of the torques generated by four rotors:

where, M refers to the total mass of the quad rotor
T
T
and F   f x , f y , f z  and     ,  ,  are
the applied external force and the torque vectors
on the quad rotor center of gravity. Therefore, the
transitional and rotational dynamic model would
be [23]:
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Gravity force or weight: along with other forces,
this force is applied on the quad rotor center of
gravity. In the vehicle frame, it is represented as:
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where, g is the gravitational constant. If we map
this force from the vehicle frame to the body
frame, it can be re-written as follows:
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Finally, dynamic equations of the quad rotor
considering these forces and torques can be
summarized as:

b

2.4. Torques and aerodynamic forces
With the kinematic and dynamic model
mentioned above, we will be able to define the
forces and torques applied on the quad rotor. The
forces include the aerodynamic lift generated by
each rotor and the gravitational force acting in the
opposite direction of the generated total lift. The
moments are comprised of the torques generated
to obtain the roll, pitch, and yaw movements [23].
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In order to aim for the controlling goal, six fuzzy
controllers are required. The inference engine
implemented in the fuzzy controllers is the
Mamdani fuzzy model using the min-max
operator for the aggregation and the centroid of
area method for defuzzification. All of these
controllers have an error, which is the difference
between the actual value of a state and its desired
value, and the error rate as their inputs. The
former is normalized to the interval [-1,1], and the
latter is normalized to the interval [-3,3] based on
the actuators range. The block diagram of the
flight control is depicted in figure 4.

3. Quad rotor controller design
The proposed controller can control the quad rotor
position and attitude, simultaneously. Our aim is
to reach the control states  px , p y , pz  and Ψ to
their

KT

( pxd  10 m , p yd  10 m ,

rad), and keep the roll and

6

pitch angles close to zero. The control strategy
can be seen in figure 3.

Figure 4. Flight control block diagram.

Each fuzzy controller has three triangular fuzzy
membership functions for its each input and one
output. Note that the fuzzy membership functions
are chosen triangular due to their less sensitivity
to the noise and easy implementation [24].
Therefore, nine fuzzy rules can be defined as
shown in figure 5. For example, as shown in this
figure, the following rule can be defined:

Figure 3. Control strategy [23].

The supposed PWM mot is denoted as the PWM of
the front motor (f), back motor (b), left motor (l),
and right motor (r). Then the relation between the
torques and thrust and PWM mot can be expressed
as:

If error (e) is Negative (N) and error rate ( ̇ ) is Positive
(P), then U is Zero (Z).

Tmot  KT  PWM mot  (21)

 mot  K  PWM mot (22)
where KT and K are the dependent parameters
of the motors. Hence, we obtain:

T 
 PWM f 
 
 PWM 
r

  G     (23)
  
 PWM b 
 


 PWM l 
 

Figure 5. Table of fuzzy rules.

The desired angles d and  d are not explicitly
provided but are continuously predicted by FLC y
and FLCx . As depicted earlier in figure 3, the preprocessing block is responsible for the calculation
and normalization of the error and error rate, and

with:
5
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the post-processing block employs the output
signals of the fuzzy controllers to achieve the
PWM value of each motor [23]:

which are modified according to (29) and (28),
respectively. A particle position is updated
according to its best personal position (Bbest) and
the best global position of all particles (Gbest),
according to (26) and (27):

PWM f  Sat (U Z  U X  U  Offset ) 
PWM r  Sat (U Z  UY  U  Offset ) 

 xip (k ) if f ( xi  k  1)  f ( xip  k )

xip  k  1  

PWM b  Sat (U Z  U X  U  Offset ) (25)

p
 xi  k  1 if f ( xi  k  1)  f ( xi  k )

PWM l  Sat U Z  UY  U  Offset  

(26)

xg  min{xip  k }  (27)

where, „offset‟ is a prior-biased that counteracts
the quad rotor weight. The PWM values are
confined to a maximum threshold that is highly
dependent on the maximum speed of the motors.

vi  k  1    vi  k   c1r1 (k )   xg  xi  k  



c2  r2 (k ) xip  xi  k 

4. Membership function optimization
4.1. Genetic algorithm (GA)
GA, as a population-based algorithm, is probably
the most popular algorithm due to its widespread
applications in complex problems and parallelism.
It also has applications in fuzzy systems [25-27].
This algorithm is inspired by the mechanism of
natural selection. In a typical GA, every potential
solution of a problem is regarded as a
chromosome. The chromosome degree of the
“goodness” is determined by its fitness value.
Each GA initiates with a population of
chromosomes. The chromosomes with higher
fitness value are more likely to be selected and go
through the next parts of the GA cycle, which are
crossover and mutation that help the algorithm to
culminate in a new generation. A typical GA
works as follows [28]:



 (28)

where,  is the inertia factor or each particle
momentum, xi  k  is the current position of
particle i, r1 (k ) and r2 (k ) ~ U (0,1) are random
values in the range [0,1], c1 , c2 are positive
weighting constants representing the importance
of Gbest and Pbest, respectively, and vi is
restricted to its maximum and minimum value.
The position of particle i is updated as [29]:
xi  k  1  xi  k   vi (k  1)  (29)

The search mechanism of PSO according to what
was stated above can be seen in figure 6. PSO
application in a fuzzy system can be seen in the
literature [30-33].

1. Initiate with a randomly produced population of
n chromosomes.
2. Calculate each chromosome fitness.
3. Repeat the following steps until n off-springs
have been generated:
a. Select a pair of chromosomes from the
population with less fitness values (for the
minimization purpose).
b. Perform cross-over to the pair to form two
new off-springs.
c. Mutate the two off-springs, and put the
resulting chromosome in the new population.

Figure 6. Search mechanism of PSO.

4.3. Problem statement
For the optimization purpose of the fuzzy
membership functions, we need to define the
parametric fuzzy membership functions. In order
to reduce the computational efforts, all of the six
fuzzy controllers are assumed identical with the
same parametric fuzzy membership functions.
Hence, by introducing two parameters like a and b
for each membership function of a fuzzy

4. Replace the current population with the new
one.
5. Go to step 2.
4.2. Particle swarm optimization (PSO)
PSO is inspired by the social behavior of birds. A
typical PSO starts with a swarm of particles in a
multi-dimensional search space, where each
particle represents a potential solution of the
problem. Each particle has a position and speed,
6
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Degree of membership

Degree of membership

Degree of membership

controller, as illustrated in figure 7, the total
number of parameters to be optimized will be six.

Figure 7. Parameters defined for fuzzy membership
functions.
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Figure 8. Optimized fuzzy membership functions using
GA (blue graph) and PSO (red graph).

The objective function that should be minimized
in order to obtain the fuzzy membership function
parameters is chosen as Integral Time Square
Error (ITSE):

Figures 9 and 10 represent the positions and
angles of the quad rotor derived from optimized
fuzzy controllers with GA and PSO, respectively.

t



  cost  t (ee )dt (30)

x position (m)

T

0

where, e is the vector including the errors of the
states and t denotes the simulation time. This
objective function penalizes larger errors more
heavily than smaller errors, and can produce the
fast settling time.
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Figure 9. Positions of quad rotor.

Table 2. Specifications of PSO.
Iterations

15

5

Phi angle (rad)

Scattered

Population
size

10

10

Theta angle (rad)

Constraint
dependent

Stopping
criteria

5

Time (sec)

Table 1. Specifications of GA.
Selection

0
0

Time (sec)

The GA and PSO specifications used in the
simulation can be seen in tables 1 and 2.
Crossover

GA
PSO

5

Time (sec)

5. Simulation results
In this section, we present the simulation results
derived using the GA and PSO algorithms applied
on the fuzzy controllers in the MATLAB
software.

Mutation

10

-1
0

5
Time (sec)

1
0.5
0
0

5
Time (sec)

The optimized fuzzy membership functions of the
fuzzy controllers using GA and PSO can be seen
in figure 8.
The blue graph indicates the fuzzy membership
functions of the GA algorithm and the red graph
shows the fuzzy membership functions of the PSO
algorithm.

Figure 10. Angles of quad rotor.

We can observe in figures 9 and 10 that all states
converged into their desired value ( xd  10 m ,
yd  10 m , zd  25 m , d 


6

rad , d  0 rad ,

 d  0 rad ) after a short time. According to figure
9 percent of overshoot is negligible (almost zero).
Generally, the position and orientation controls
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with both GA and PSO depict almost close and
satisfactory results.
Table 3 shows the objective function values and
total simulation times of the proposed algorithms.

trajectory tracking
optimized
reference
not optimized
1.2
1

Table 3. Final results of GA and PSO.
Fitness value

Simulation time (s)

4

GA
PSO

z (m)

Algorithm

0.8

4

8.1102 × 10
8.054 × 104

3.0045 × 10
2.597 × 104

0.6
0.4
0.2
60

0
-0.2
60

According to table 3, PSO has both a less fitness
value and a less simulation time compared to GA.

30

20

10

0

0
x (m)

As shown in figure 13, the quad rotor tracking
capability has improved with the optimized fuzzy
control approach in terms of a faster settling and a
rise time.

x 10

GA
4
3.5
Cost function value

40

Figure 13. Flight trajectory.

8

3

6. Conclusion
In this paper, the problem of quad rotor flight
control was addressed. A fuzzy logic control
approach, which does not require the exact
mathematical model and has the ability to
compensate for the uncertainties and handle nonlinearities, was proposed to control the position
and orientation of the quad rotor. It comprises six
individual fuzzy controllers with Mamdani
inference engine. Owing to the high dependence
of the fuzzy controllers‟ performance on their
fuzzy membership functions and eliminating the
need for the time-consuming trial and error
approach, we defined specific parameters for each
membership function, and tuned them through
minimization of the proposed objective function
employing GA and PSO. The investigation of
these optimization algorithms applied on the
fuzzy controllers was conducted in MATLAB.
We compared two proposed methods and
observed from the results obtained that both
designed fuzzy controllers possess almost close
satisfactory performance in the translational and
angular quad rotor movement control. To be more
specific, considerably small and negligible
percent of overshoot and short rise and settling
time can be seen in the quad rotor position
responses. However when we compared the
proposed methods under careful scrutiny, we
observed that PSO had a lower fitness value and
simulation time. Hence, it can be concluded that
the PSO performance outclasses the GA
performance in terms of fitness value and
simulation time in this case study. Finally, a
trajectory was defined to validate the tracking
performance of the designed fuzzy controllers

2.5
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1
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0
0
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12000
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18000

Figure 11. Evolution of fitness value vs. total individuals
in GA.

Figure 12 illustrates the evolution of fitness value
vs. iterations in PSO algorithm.
1.4

x 10

5

PSO

1.3

Cost function value

20
50

y (m)

Figure 11 illustrates the evolution of fitness vs.
total individuals in GA.
4.5

40

1.2

1.1

1

0.9

0.8

0

5
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15

20
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30

35

40

Iterations

Figure 12. Evolution of fitness value vs. iterations in
PSO.

Observing figures 11 and 12 shows that the cost
function decreases until it converges a specific
value, and this means that those algorithms results
will no longer experience improvement.
In order to validate the performance of the fuzzy
control approach with optimized membership
functions, we define a trajectory comprises xd
and yd as ramp functions with slope 1 and z d as
a step function. Figure 13 presents the quad rotor
trajectory in a 3D space. The optimized fuzzy
membership functions are tuned based on PSO.
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چکیده:
کوادروتور یک وسیله هوایی بیسرنشین شناختهشده است که کاربردهای گسترده نظامی و شهری دارد .کوادروتور برخالف ساختار سادهای که دارد ،ذاتاا
ناپایدار است .به همین علت ،طراحان همواره با چالش بزرگی در پایدارسازی و کنترل آن مواجه هستند .در این مقالاه ،تواباع عیاویت کنترلکننادههای
فازی کوادروتور توسط الگوریتمهای ملهم از طبیعت مانند الگوریتم بهینهسازی ذرات و الگوریتم ژنتیک بهینهسازی میگردند .در انتها ،نتاای روشهاای
پیشنهادی با یکدیگر مقایسه میشوند و یک مسیر برای بررسای تواناایی ردیاابی کنترلکننادههای فاازی طراحای شاده توساط بهتارین روش ،تعریا
میگردد.
کلمات کلیدی :کنترلکننده فازی ،الگوریتم ژنتیک ،توابع عیویت ،الگوریتم بهینهسازی ذرات ،کوادروتور.

